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Physics. — O adiabatic changes of a system (e conpection with
the quantin theory.” By Prof. Dro P Bnwesreesr.  Communi-
cated by Prof. H. A. Lorexrz).

(Communicated in the meeting of June 24, [916)

[ntroduction. In an increasing number of physical problems the
foundations of classical mechanies (and electrodynamics’ are used
together with the quantum hypothesis, which is in contradiction
with them. It rvemains of course desirable to come here 1o xome
general point of view from which each time the limit between the
“elassie” and the “quantum’ region may be drawn.

Wikn's law has been found by an application of classic prineiples:
the changes of the distribution of the energy over the spectrom and
the work done by a reversible adiabatic compression arve calculated
(uite according to classic electrodynamics. This law derived without
the use of quanta stands unshaken amid the quantum theory. Thix
fact now Is worth our attention.

Perhaps something <imilar holds in more general cases. when no

longer  harmonie  vibrations  take places bhat o maore ceperal motions
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the reversible-adiabatic changes for such more general motions might
e.g. be calculated by the classic method, while in the calculation of
other changes (e.g. of the isothermal addition of heat) the quanta
already play a role.

This was the starting-point in some papers in which partly Praxck’s
hypothesis of the energy steps (¢ = nhr) was investigated in details’)
and partly its generalization from harmonic to more general motions
was treated *). Especially the following hypothesis was used, to which
EinsTEIN gave the name of adiabatic hypothesis *).

« Adiabatic hypothesis” ) 1f a system is exposed to adiabatic influences
the “admissible’” motions are transformed into ‘“‘admissible” ones.

Let us suppose for some class of motions the quantum hypothesis
to be introduced for the first time. In some cases the adiabatic hypo-
thesis (uite determines which special motions are “admissible”: namely
in the case that the new motion can be derived from a former class
of motions by a reversible adiabatic process, for which has been
fixed already, which special motions are “admissible” (especially there-
fore if the new motions can be obtained from harmonic motions
with one degree of liberty”).”)

In other cases the adiabatic hypothesis puts at least limits to the
arbitvary way in which otherwise the quantum hypothesis might
be applied.

In each such application of the adiabatic law a great part is
played by the “adiabatic (nvariants”, viz. those quantities which
before and after the adiabatic process have the same value. Formerly
there has been shown especially that for arbitrary periodic motions
(of one or more degrees of liberty) there exists the adiabatic invariant:

(1)

b

1) P, Enrexrest. Welche Ziige der Lichtquantenhypothese spielen in dev
Theorie d. Wirmestrahlung eine wesentliche Rolle? Ann. d. Phys. 36 (1911} p.
91—118. [Further cited as communication A].

2) P. EBRENFEST, Bemerk. betr. d. Spezif. Wirme zweiatomiger Gase. Verh. d.
deutsch. phys. Ges. 15 ('913) p. 451 [Comm. B}. — P. Enrexrest. Een
mechan. theorema van BoLTzmaxx en zijne betrekking tot de quanten-theorie.
Versl. Amsterdam. XXIT (1913) p. 586, {Comm. C].

3 A. EINsTEIN. Beitrige z. Quantentheorie. Verh. d. deutsch. phys. Ges. 16
(1914) p. 826.

4 I'or the definition of the expressions used here comp. § 1, 2.

5) Comp. the transformation used in € § 8 of infinitesimal vibrations in uniform
rolation, for other examples see §§ 7, 8 of this paper.

6 Comm. B § 1.
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(v is the frequency, 7" the mean value of the kinetic energy with
respect to the time), which in the special case of harmonic vibrations
of one degree of liberty coincides with ') :

&

N €))

r

The purpose of the considerations in this paper is:

1. To formulate the adiabatic law as sharply as possible, at the
same time indicating where this sharpness is failing especially with
respect to non-periodic motions.

2. To indicate what great significance must be ascribed to the
“adiabatic invariants” in the quantum theory. The discussion of the

above mentioned invariant — especially will show how it forms
v

a link between the adiabatic hypothesis on the one hand and the
quantum hypothesis of Praxck, Desik, BoHr, SOMMERFELD on the
other hand.

3. To point out difficulties, which rise at the application of the
adiabatic hypothesis, as soon as the adiabatic reversible changes
lead through singular motions.

4. To show at least how the adiabatic problems are connected
with the statistical mechanical bases of the second law of thermo-
dynamics. The statistical mechanical explanation Bortzmans gave of
it rests on statistical fonndations which are destroyed by the intro-
duction of the quanta.

Since then a statistical deduction has been given of the second
law for some special systems (e.g. for those with harmonic vibrations)
but not for more general systems?).

Hoping that others may succeed in removing the difficulties I
was not able to surmount, I will publish my considerations.

Perhaps a close investigation will show that the adiabatic law
may not be maintained in general. At all events W. Wikn’s law
seems to show that in the quantum theory a special place is taken
by the reversible, adiabatic processes: that for them the classic
foundations can be of most use.

§ L Defination of the reversible adiabatic infuence on a systen.
Adiabatic related motions: 3a) and 3(a).

1) See A § 2, C§ 2. The existence of this adiabatic invariant may be con-
sidered as the root of WiEx's law.

?) Comp. P. EHRENFEST. Zum BorLTzMaxx'schen Entropie-Wahrsch. Theorem.
Phys. Zschr. 16 (1914) p. 657 and § 8 of this paper.
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Let q,...q. be the coordinates of a system, while the potential
energy depends not only on the coordinates g,-but also on certain
“xlowly changing parameters” a,,a,.... Suppose the kinetic energy 7’
to be a homogeneous quadratic function of the velocities q'l,....g',‘,
while in its coefficients there occur besides the g¢,,q,.... eventually
also the a,,a,. .. Some original motion 3(«) can be transformed into
a definite other motion p3(a’) by an infinitesimal slow change of the
parameters from the valoes a,,a,.... to the values a,,a,.... This
special way of influencing the system may be termed ‘reversible
adiabatic”, the motions g(a) and 3a') “adiabatically related”.

Remarks: A. The addition “reversible’” needs no further justification,
if all motions that are considered are periodic. It becomes different
il under the considered motions there are aperiodic ones as e.g. the
motion in a hyperbola under the attraction according to NEWTON'
law. Here the addition loses its original meaning. By the introduc-
tion of well-chosen coordinates, quasi-periodic motions as e.g. the
oscillations of a conical pendulum or irrational motions of Lissajous
may be treated as periodic ones.

3. The definition given above needs generalization if the influence
of a magnetic field has to be considered (Zrrman-effect) or if we
have to do with an electro-magnetic system (reversible, adiabatic
compression of radiation by a mirror).

§ 2. Iormulation of the adiabatic hypothesis for systems with
perindic or quasi-periodic motions.

Let the values a,, a,,.... of the parameters if the system be
determined in any way. The quantum theory will not allow every
motion 3(a,), which can exist with these parameter values according
to the fundamental equations of mechanics, but only some of them ).
Therefore we speak of the motions Bfa,} as “admissible” for the para-
meter values «@,,,d,,.... To another set of values of the parameters
1,,1,.... there belong then “admissible” motions Bfa}.

Now the adiabatic hypothesis may be formulated as follows;

For o general set of parameter values a,, a,, ... only those motions
e possible  that arve adiabatically related with motions possible for
the special wvalues a,, a, ... (that is -which can pass into these
by a reversible change).

Remarks: A. Because of some difficulties rising in that question,

1) In order to avoid too many details, we leave aside that in PLANCK’s recent
treatment of the theory of radiation only “critical” motions are considered, besides
which also the other motions are “admissible”. It is obvious how our discussion
might be adapted to this new trealment.
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(comp. § 9) I am not able to say whether the adiabatic law might
be generalized to the real aperiodic motions and how this would
have to be doue.

B. Some forms of adiabatic influence may be realized without
difficulties, e.g. the increase of an electric or magnetic field in the
neighbourhood of an atom (Stark and Zreeymax effect). Some others
are more fictitious c.g. the change of a central force, (comp, § 7).

At all events from the example of WieN’s law it is evident, that
such a fiction may show the right way. Only further investigation
and the control by experiment can teach where the “natural” adia-
batic intluencing becomes “unnatural”. At any rate the adiabatic
law gives a statement that is the more positive the more multiple
influencing we allow.

§ 3. The aliahatic invarviants and their application.

Every use of the adiabatic proposition induces us to seek for
“adiabatic invariants”, viz. ¢uantities which remain constant at the
N
el

N

change of a motion ) into an adiabatically related motion
From the adiabatic proposition namely the following coneclusion
may be immediately drawn.

If we assume that for the admissible motions /7a,) a definite adiabatic
invariant £2 has the discrete numerical values €7, (2" for the special
values a,,, ,,...., then it has exactly the same values for the admissible
motions belonging to the arbitrary values of the parameters «,, «a,.

27 ) 2
§ 4. The adiabatic lweariant —— for periodic notions and
P r

especially for harmonic motions. ')

Let us sappose that the considered system has the following
properties: For fixed but arbitrarvily chosen values of the parameters
a,, a,, ... all motions of the systems that have to be considered,

ave periodic, for any phase (¢gy0,. ... qo, g o) the motion

1) Comp. communication C §§ 1. 2. Other examples of udichatic nrariails
are the cyclic moments, if the system has cyclic coordinates. If the rotation of a
ring of electrons is influenced by an increasing magnetic field, this is the sum of
its moment of momentum and its electro kinetic moment (Zrryax-effect, magneti-
zation). If an increasing electric field acts on a hydrogen atom of Bonr, then it
is the moment of momentum with respect to the direction of the lines of force,
At the change of the field of a central force (comp § 71 it iz the moment of

momenlum.
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may begin with. Here the period /> may still depend in any way
on a,,a,, .... and on the beginning phase of the motion.

Then the time integral of the (double) kinetic energy taken over
the period is an adiabatic invariant :

P

d’fdtZT:O N &)

0

d’ will denote: the difference in the values for two infinitely near,
adiabatically related motions of the system. [For the proof of (3)
see appendix 1]. If the reciprocal value of the period P is called
the frequency » and the meau with respect to the time of 7" 7,
then (3) says:

2T

~—1s an adiabatic invariant . . . . . . (4
v

In the case of a harmonic vibration of one degree of liberty the
means  with respect to the time of kinetic and potential energy are
known to be equal to each other and therefore also to half the total
energy, so that:

& . . . .
— 1s an adiabatic invariant. . . . . . ()
v

. . : . . 2T
S 5. A geometrical interpretation of the adiabatic — in the (g.p)
v

space. Connection with a theorem of P. Hertz.

In order to find a connection with the quantum hypotheses of
Praxck, DeBuEe, Borr and others we shall use a deduction of the
infegral of action to which SoMMERFELD has drawn the attention.?)

r F

dt2T = |dt S% py gy — dan . on= St | ldondp,. . (6
f }_rpw Z@f{/h P }T’fqh i (6)
0 1]

therefore
0T
=NV doy dor. . . . . . . . (T
v ya— h <ph ()

1

where the double integrals on the right hand side have the following
meaning: If the system executes its periodic motion, its phase point

') A. SoMMERFELD: Zur Theorie d. Balmerschen Serie. Sitzber. d. Bayr. Akad.
1916 p. 425 (§ 7).
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describes a closed ) curve in the 2n dimensional (q.p, space and its
n projeclions on the 2 dimensional planes (¢,,p,), (¢s Do)y o Qs P
describe n closed curves.

jquh dpy is the area enclosed by the Lt projection curve.

il

Remarks: 4. The numerical value of — does not change if in

r
the description of the motion we pass from one system of coordi-
nates ¢, . ..q, and the corresponding p; ... p.to another one ¢', ... ¢\

and the corresponding p',...pn Therefore the right hand side of
(7T) can neither change its numerical value.

B. There are systems, for which if the system of coordinates has
been chosen rightly, not only the total sum on the right hand
side of (7) is an adiabatic invariant, but also the single terms

ffd%dph (comp. the example in § 7). In this case we obtain thus

al onee more invariants.

C. For a system of one degree of liberty :
QT

- :fﬁ/q(lp is an adiabatic invarant (8

P
according to (7) viz.: for a system of one degree of hiberty the area
enclosed by the phase curve in the (¢,p) plane is an invariant (in
this case there are no other invariants independent of this~one.
D. A theorem of P. Hertz (1910) *). Give definite values ay,,... 0
to the parameters and consider some motion compatible with these.
The ecorresponding path of phase in the (g, p) space lies on a detinite
hypersurface of constant energy &(q.p, a,) = ¢, This hypersurface
encloses a definite 2n dimensional volume: '

~
J....qu,....dp,k:Vo. I )

In the first place an adiabatically reversible inthnencing a, =«
works on the system. Secondly the hypersurfaces have now
another position in the (¢, p) space than before.  We may now
consider the volume 7 of that enevgy surface on which the phase
path of the system lies after the adiabatic intluencing. The theorem
of P. Hrrrz teaches now:

1) This expression needs further interpretation, if e.g. one of the coordmates is
an angle and this angle increases each period with 2-.

2, P. Herrz: Mechan'sche Grundiag. d. Thermod. Ann. 4. Ph. 83 (1910) p.
925274 ; p. 537 - 502 {§ 11 Adiabal Vorginee. Comp. 173]0 Po Hewiz in
“Repert. Ao Physik™ (Trepxeg 1916} p. H3d Comp. (7).
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V=V, . . . . . . . . (10

For a system with one degree of liberty (10) and (8) are evidently
identical ; for a system with more degrees of liberty this is however
not the case ').

§ 6. Connection between the adiabatic hypothesis and the quantii-
Lypotheses of Praxck, Desur, and others for systems with one degre
f liberty. Pranck’s hypothesis of the energy steps (1901) says, that
a harmonically vibrating resonator of the frequency r,can only have
one of the following energies £: %)

e=20, hr,e 2hvg,.... . , . . . . (1)

Therefore the adiabatic invariant of the resonator can only have

the values
€ o7 v
=" = ||dgdp =0h2h . . . . . . (12)
r, v,

l.et us now consider a resonator with the non-linear equation of
motion

g=— (v qgtaqg +ao¢ ... . . . . (13)
This does not execute harmonic vibrations: the frequeney r == 1*
of its oscillations depends not only on . a,.... but also on the

mtensity with which they are excited.

For the special parameter values a, = a, ... =0 it becomes the
resonator of Pranck. Therefore the adiabatic hypothesis (comp. the
formulation in § 3) becomes: For these non-harmonic resonators too
only those motions are possible- for which

o7
: ‘fqudp_()/e&/a, ..... N O 3

From the hypotheSIS of Pranck’s energy-steps we have thus

1) In the deduction of his theorem P. HErTz has to calculate the mean with
respect to the time of the force acting on the parameter «. He replaces this mean
with respect to the time by a corresponding numerical mean in a microcanonical
(nsemble. 1t is known that Borrzmaxx and MAXWELL have only been able to
jnstify this way of proceeding by the assumption that the considered system is ergndic.

A resonator with one degree of liberty is really ergodic. This is Lhowever not
the case for molecules with two or more degrees of liberty. Therefore a special
investigation is needed here whether the above defined quantity 77, s adiabi
deadly ivariand. W Spr 2)) degrees of Liberly of a molecole only hayimonic vibrations
can oeceur, 17, is really an adiabatic invariant:

B Comp the note i § 2.
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deduced by means of the adiabatic hypothesis the uantum hypo-
thesis DeBve gives for the values of‘deg dp for non-harmonic

vibrations.!)

Let us suppose that an electric dipole with the electric moment
a, and the moment of inertia a, can rotate about the Z-axis.?) An
orientating field of the intensity @, may act parallel to the w-axis.
As coordinate may he chosen the angle over which the dipole has
turned.

If we begin with very great values of a,, «, and also of a,, then
we may regavd the vibrations as mjinitesimal also for considerable
values of the energy with whiclh they are excited: a resonator of
Praxck. By letting «, and na, decrease infinitely slowly we can pass
reversibly adiabatically to vibrations of finite amplitude, finally
reversing the pendulum. If then the moment of inertia is kept
constant, while the orientating field decreases to zero, we finally
obtain  molecules on which no  force is acting and which therefore
are rotating uniformly. For all these adiabatically related motions

the adiabatic invariant
EV
e dqdp
v L 3

is thus necessarily confined to the original values o, A4, 24, ... 1
for the uniform rotation with frequency » this is identified with
the number of complete rotations of the dipole per second:

q

y— =+ oe Tt oo (15)
while it is taken into consideration that
gf:ZT:p/) e R K
it is therefore required that p can have no other values than
pzo,if*.,tzah N S 13
2x 2

Remark: The considerations given above must still be completed,
especially with a view to the difficalty, that during the adiabatic
change the singular, non-periodic motion is passed, which forms the

1y P. Depur. Zustandsgleich. u. Quantenbyp. (“Wolfskehlwoche” TEUBNER
1914) § 3.

S. Bogustawsky. Pyroelektricitdt auf Grund der Quantentheorie. Phys. Z schr.
15 (1914) p 569 gl. 3.

2) Comp. the treatment and application of this example in communication B§ 2
and (' § 3, and especially see the figure in C § 3.
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limit Dbetween the pendulum motions and the rotations. It mus
therefore be investigated, how the invariants of both kinds of motion
are connected. ')

§ 7. Connevion with SOMMERFELD'S quantum hypothesis for systeiis
with more than one degree of liberty.

We want to show, that the adiabatic law is satisfied by the
(quantum hypothesis recently given by SommEgreLD for the plane motion
of a point about a centre of altraction according to NewToN’s law.

Let % (r,a,, a,, ...) be the potential of a central attracting force.
Then the differential equations of the plane motion of a point are
in polar coordinates: r —=¢q,, ¢ = ¢,

. Y dl
mr—mrg? 4 — =0. . . . . . . (18a)
dr
4 ) =0 18b
d—t(mr ¢) = S € £
(18h) expresses directly — which is very plausible — that the

moment is invariant with respect to a change of the parameters

mriq. =p, adiabatically invariant .o (19

By eliminating " by means of (19) from (18a) we obtain

3

. mr dy,
mr — —— — e e e e (20
P’ dr
This differential equation has the same structure as if it described
the motion of a point oscillating under the influence of a force
with the potential:

D —= —— 7m*, + Z(T, 2%) as) L Tt (Zl)

over a fixed straight line between two extreme values of r (rq >
rip > 0), For this periodic motion (of one degree of liberty) however
we have according to §§ 4 and 5 the adiabatic invariant:
2T, _— L
o ::J dq, dp, = adiabatically invariant . . . (22)
1
Equation (19) may be formulated in an analogous way :
27, L o
——2 == | | dq, dp, = adiabatically invariant . . . (23)

r,

1) Perhaps this wili be possible by considering the conical pendulum or a system
acted upon by a wagnetic force. As to this uncertainty comp. § 9 of this com-
munication and § 3 of communication C.
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27, o
L ﬁﬁ!_ o 2‘4}02 — dgz - Py ':‘JJ‘IQz dp,
v, (QS) 0
21

SOMMERFELD introduces the quanta by the equations:

deql dp, = 0,hy...ymhy ... . . . . . (24)
fqu’dp,:Q,]:,...,n'/c,_.. . o (29)

These hypotheses are thus actually in harmony with the adiabatic
hypothesis (comp. the formulation in § 3).

Remarks. A: We see that the adiabatic invariants (23) and (23)
do not only exist for the periodic motions about a centre of force
which attracts either according to the law of Nrwrton-Couroms or

ar?

. a \ oo :
elastically (y = - or y = -7), but also for the quasi-periodic motion
” :

(in a rosette) about a centre of force with general y (r, ). But in
the first case are v, = », = r, so that the invariants can be taken
together to:
REARIEY = i{:adizﬂ)&tically invariant
v v
(comp. here remark B of the appendix).

B. Now it would be interesting to find the adiabatic invariants
for more general quasi-periodic motions, (in the first place for
anisotropic instead of isotropic fields of force). This would at the
same time furnish an answer to the question to which system of
coordinates SOMMERFELD’s quantum hypotheses have to be applied).

C. If the attracting force obeys CouLoms’s law, the hypothesis
(23) is equivalent with Pranck’s?) new method of introducing the
quanta, as has been remarked by SommerreLD (p. 455). This is also
the case, when we have to do with an elastic attraction ?).

[ have not yet succeeded in finding a more general connexion
between the adiabatic hypothesis and Pranck’s new assumptions.

D. In the refinement of his theory SommurrrLD has still taken

into consideration the dependency of the mass of the electron on

1) A. Sommerrerp. Zur Theorie d. Balmerschen Serie. Sitzber. Bayr. Ak. 1916
p. 425—500; See p. 455 at the bottom.

) M. Puanck. We again leave aside, that Pranck only speaks of “critical”
motions, beside which alsp the other motions are “stable".

8) Comp Appendix II.
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s velocity. This causes the motion to take place no longer in a
closed curve, the path becoming a rosette and an uncertainty arising
as to the limits between which the integrals in (23) have to be
taken '). In order that we might make a conclusion from the view-
point of the adiabatic hypothesis, it would first have to be investi-
gated, which guantities are adiabatically invariant in this case.

§ 8. Connexion of the adiabatic hypothesis with the statistic
hasis of the second luw ).

Borrzyasn’s  statistical mechanical deduction of the second law
and especially of the equation
Erdbatdba o pgw L (26)
&) '
has been based upon a definite agreement as to what regions 1n
ithe (q,p) space for the molecules (“u-space’”) will have to be consi-
dered as *‘a priori equally probable”. As such regions were taken

»

/ A
to which 1in the p-space equal volnminaLJ. .. ’ (1(/1....([[),‘ VIZ.

L 5%

correspond. Borrzumany  ascribes the same weight to each part of
the p-space
G (g, p) = constant

By the hypothesis of Pranck’s energy-steps and its generalizations

this no longer holds, for here a weight

G (g, p> @)
dependent on ¢, p, and @ we may say to be introduced. In
other words to all regions of the u-space the weight zero is ascribed,
except to the discontinuously spread ““admissible” regions, the sitnation
of which is defined by the value of the parameters a. Here espe-
cially this last circumstance is of importance.

The problem may be formulated in the following way: How
must we confine the choice of the weight function (7(¢q,p,a)—how
that of the “admissible” regions especially with regard to their depen-
dency on the @’s—in order that Borrzmann’s equation (26) remains
valid ?

Tliis question has Dbeen treated by the author, first in a special
case *), afterwards generally *).

) A. SomMerfeLD 1. c. p. 499

®) Comp P. Eurexrest. Zum Bortzmany’schen kntrepie-Wahrsely. Theorem. Phys.
Zschr. 15 1914 p. 657.

7y Comm. A (1911) § 2.
Iy Comm. D (1914).
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For molecules with one degree of liberty (harmonically and non-
harmonically vibrating resonators) the question could be treated
completely. The result') that was found can be formulated in the
terminology of this paper as follows:

For an ensemble of such molecules (resonators) BoLTZMANNs pelation
hetiween entropy and  probabeity will evist then and only then when
the steady motions are characterised by the condition :

T
o :ﬂ dg!/p = constant numerical values £2,.£2, . . (2
which condition s invariant with respect to adiabatic changes*).

Pranxck’s hypothesis of the energy-steps and Dusug’s quantum
hypothesis for resonators which do not vibrate harmonically fulfil
this condition 2., 2. ... being here equal to 0,424, ...

It is however still doubtful whether for molecules with more
than one degree of liberty the above given necessary and sufficient
connexion remains valid between the adiabatic hypothesis on one
hand and Borrzmann’s relation beiween entropy and probability on
the other hand.

Remarks A. Ot late it has become usage to introduce the rela-
tion between probability and entropy (or free energy).

S=tlklogW . . . . . . . . (3V)
F=E -TklogW . . . . . . . (3])

simply as a postulate.

The problem discussed in this paragraph might seem to be rendered
superfluous by this. The author has proved however that the
question is only removed to another point?).

B. % By a reversible adiabatic compression black radiation is
converted into black radiation whether within the reflecting envelope
a black grain is present as a katalysator or not. Analogously in a
gas with molecules without dimensions and on which no forces are
acting a distribution of velocities according to Maxwernn becomes
one of Maxwerrn whether during the reversible adiabatic compression

1 Comm. D § 7.

2) In this theory of radialion Praxck first leaves the energy quanta undetermi-
ned. At a certain moment in order to bring the obtuined radiation formuilu
in harmony with Wiex's law he ascribes to them the value h. (see Praxck,
Vorlesungen iber Wirmestrahlung I, Aufl. 1906, p. 153, GI. 2265, Comp, also the
other quanta hypotheses, Fe. § 6). This is the reason why the hypothesis of the
cnergy steps is in harmony with the second law and with the adiabatic hypothesis).

N 1o¢ Introduction.

N Ree Communieation (0§ 4
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in a vessel with rough walls impacts between the wmolecules oceuar
or not ).

Generalizing the question might be put as follows: Is in an
ensemble of molecules one most probable state converted into an
other most probuble one, if the molecules are subjected to a reversible
adiabatic change also when no mutual action exists between the
molecules ? In general this question must be denied. This is evident
for the case that can be treated completely viz for that of molecules
with one degree of liberty. The above mentioned supposition is only
true, (but then always) when between the invariant for adiabatic
processes and & and a there exists a relation of the special form

27
s::;l(a)f—;——}—B(a) T 3 1|

1

S 9. Difriculties which occur, if the adiabatic reversible chanye
gives rise to a singular motion. Non-periodic motions.

These difficulties are already met with at the adiabatic change
of an oscillation into a uniform rotation (remark § 6). In somewhat
different form they occur, when the vibrations in an anisotropic
field of force are changed in an adiabatic reversible way into those
of an isotropic field ). Let the mass of the moving point be one,
the potential energy of the field of force

b —= }Z(L’l?\sl?'T"rzz;:-f
For the case of 1sotropy
r,=r,=7r . . . . . - . . (33
SoMMERFELD’s way of introducing the quanta may be characterized
as follows?):

Only those motions are admissible, for which the moment of

momentum mr*¢ and the total energy satisfy the equations:

Qaxmrtg —ah . . . . . . . (330
¢ = (nt+n)h . . . . . . . . (34)
r

(n and »' are arbitrary whole numbers).

) The two mentioned cases have this in common, that the pressure depends
only on the total energy of the system and not on the distribution over the diffe-
rent principal vibrations (molecules).

2) Already in 1912 in a paper “On energy elements” (Versl. Kon. Akad. 1912,
DI. XX p.1103), H.A.Lorentz drew the attention to the fact that in the quantum
theory difficulties avise for isolropic resonators with two or three degreesof liberty.
S Gomp  Appendixe UL
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In the case of anisotropy on the other hand Prixck’s hypothesis
of the energy steps is usually applied to each of the principal
vibrations separately:

Only those motions are steady for which the energy belonging to

the two principal vibrations (¢, and &,) satisfies the equations:

1 3/ <
& &
1 3 .
—=nh , ==l . . .o (3D)
r r

1 2

Let », and r, approach infinitely slowly to the common value »,
then the quotients (33), being adiabatic invariants, remain constant
and the total energy & of the system satisfies finally the equation:

& 4
=, +n)h . . . . . .. (3Y)
v

which is in good agreement with (34). )

On the other hand it is not evident, why in this way only one
of the discrete values (33) for the moment of momentum would be
obtained.

When v, and », have already become nearly equal to each other
the motion takes place in a figure of Lissajous, which ‘‘densely”
covers a rectangle, (with sides parallel to the axes § and 3, pro-
portional to Ve, and L ¢)).

During this motion the moment of momentum does not remain
constant but oscillates slowly to and fro between zero {at the moments
when the motion takes place nearly exactly along the diagonals of
the rectangie) and certain maximal positive and negative limits?)
(at those moments in which the motion takes place on the largest
ellipse described in the rectangle).

The more r, and v, approach to each other, the slower these
oscillations of the moment of momentum are. Which value of the
moment of momentum is reached after an infinitely slow adiabatic
change 1in the case of usotropy depends therefore on a double
boundary passage.

It is thus evident, that the adiabatic hypothesis needs a speciai
completion to render the result in this case (and in analogous cases
of the passage of singular motions) yuite definite. It is to be hoped
that a plausible completion will be found, which leads us to Som-
MERFELD’s values (33) of the moment of momentum.

As we can pass adiabatically from the elastic central force to
each arbitrary central force (comp. § 7), the yuanta might be
B 1) "[RAeinrlari‘:“at the correction]. P. EpsTeiy drew my attention to the fact, ihat
there is no good agreemeni between (36} and (34}, for the circular motion n’ must
be equal to 0, » arbitrary; in (36; however %, = n,, therefore 1) + », even.

N 4+ 2 Vongng b
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miroduced for arbitrary central forees, starting from the hypothesis
of the energy steps for harmonic viorations.

Here we must also mention the difficulties which we meet when
we want to apply the notion: reversible adiabatic change, adiabatic
invariant ete. to an ensemble of non-periodic motions, as e.g. the
Iiperbolic motions of a point under the intluence of a force of
Newros or Covrous: here too the change of the energy and the
moment of momentum  depend on a double boundary passage on
the course of the complete motion from = — = to f= 4 x and
on the infinitely slow adiabatic change.

§ 100 Conclusion.  The purpose of this paper was 1o show. that
the adiabatic hypothesis and the notion of the adiabatie imvariants
are amportant for the generalization of the quantum theory 1o
an always inercasing  nnmber  of classes of motion §§ 6,0 T
firther they thirow some new light on the question, for which con-
ditions Borazavaxy's relation between entropy and probabiliny vemains
vadidd (§ 8y The analyzation of the difficulties ocenrring at the passage
of singalar motions will perhaps Tead o eompletion of e aviabatie
bypothesis. Butoat any rvate T believe that in view of Wiha's Jaw
it must be given in the gquantum theory o speciad place o the

reversible adiabatic processes.

APPENDIN L

o
I’roor, that - i o adiahatie neariani for oo syste
r
seith periodic motions.
1.t
L= T (g qea) — P (q. )
be o the funetion of Lacrazek of the system (the motions of whiek
are for the moment not vet snpp(m}-:l o be periodiey And det e
consider two infinitely near systems, for which the parameters hay e
e vadues ooy and oy AR L, b Layo o foethes the
meoments £y, £y and 1y =~ Lta, - Lt We shall constder
Poa continuous passage ol the system from the conbioaration

fo the configuraiion oy, .. g0t the

i

Gt g at the nme g
nme f; with the vadues of the parameters o change i

1o continnons passage  of the system fron fhe conflenraiion
vy Ly the time 74 - L7 into the confionration .y, ==

O For the sake of fnplicity we shall further wse only one gt s censiis

«on that oat o each point of the discussion we ean refurn fo tie (se S o
|

puraelers,
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+ Lqgip. .. at the time tp + Atyq with the values of the parameters
a + La (change 1I).
B
For both changes we take the integral dtl. and calculate the

v A
difference between the two values. By taking apart what remains at
the beginning and at the end of the integration period we first obtain

tp tB
AfdtL = Lpltp — L 4 Lty +fdt JL . . . ()
t4 A

where ¢l is the difference between the values of /L for two simul-
taneous phases of the motions viz.

ny n oL . oL
L= —dg, + 2 —dgy, 4- —La . . . . (b
1 aCI/t 1 GQ/L 0a

where dg; , dqi are again differences for simultaneous phases. Therefore
5= " ) ©
19— 5\

By partial integration of the integral in (1) we obtain therefore :
tB
AfdtL = (LpbLitp— Laloty) +

tA
n /oL n 0/,
43 (“) dqpi — 2( - ) dqn1+
v \0gn/ 8 1 \dg,/ 4

tB
n 0L d /0L
b 2O
1 Ogr At \ 9y,
t4
tj

LA dcaL 1
-+ af aa . (()

ta
As however d refers to simultaneous, & te non-simultaneous phases
we have :
dgpa=0Lqi1 — qralsty g »
. . 4
dpp=Lqp — unbtp
Further:
oL, o7 ()
o= = pL N V4
dq,  Og
So that we obtain '
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tn
n . D
L\[dt/,:(AtzL——Ephg},€> -+
. 1 A
tq

n B
*(EMA9h4+

L. (0L <6L)
+‘J dt 2 R
'6(1/; dt dgn
tB

oL
Aafdc—..........(g)
a
t.q

Supposition  A. The change I is a mechanical motion belonging
to the values of the parameters (a). Therefore:

‘?Pvd(f"”>—o. N ()
0q 0qs
so that
aL =A . . . . . . .. @
aa

where (-4) is the external force, which at every moment must act
on the system according to the parameter @, in order that a remains
constant. Then also the total energy of the system
L—Spogp="T—®—2I"'= —E. . . . . (j

remains constant during the otion (a is kept constant. so that
during the motion no work is done on the system!) We thus obtain

!

B .

AJ dt (T — &)y = — F. L‘.(tg —tq) + (tp—tq4) A La
t
A - (&)

n n

+ Zpn, Ly — 2 pia Lgra,
1 1

where A is the mean with respect to the time of the force A for
the interval t4, 5.

Supposition  B. The change Il is also a mechanical motion and
belongs to the parvameter values a 4- Aa. Then 7'+ @ = [ ha~
also for this second motion a value K- AFE, which does not change
with the time. Therefore

B
AJ vl @y = L{E(tg—tg) — (tn— t4)LE + EL(ip—ty) ()
t

A
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Adding {}) to (k) we obtain
B
Af dt. 2T = (tp —ta) [LE+ Abd] «+ T piplqin— praliqra . (m)
‘4
Supposition C. Let both motions be periodic (periods /> and P
+ 4 P). Let us now take for both motions the time integral over
their period. Now
piB= pra, further qwp==qna
and
gn + Lgre = gra + Dqra
so that the two last terms of the right hand side of (m) neutralize

each other. We thus find:
t

AfB</t2’_]‘:P[AE+IAa], N )
IA
Supposition D. The motions | and Il can be adiabatically changed
into each other. The adiabatic change {I, 11} lasts a time rather
long compared with > and P+ AP. Only during this time the
parameter @ changes (from a to a -+ La). At the same time the
system does the work
A Da
on the outer force. This is just the difference between the energies
of the motions Il and I, the latter being the larger of the two.

AE — —Abla . . . . . . . . (p)
Therefore
P
q[waTzo. N )
0

The symbol A’ will remind us, that we have not to do with an
arbitrary variation, but that just two adiabatically related motions
are compared. This is the proof of equation (3) in § 5.

Remarks: A: Equation (n) has been deduced already by Borrzmans-
and Crausivs, when they tried to deduce the entropy law purely
mechanically without using statistical methods?).

They do not confine themselves to adiabatic influences and consider
therefore the quantity :

AE 4+ Aba=0Q . . . . . . . (n

) L. Borrzmas~. Wien. Ak. 53 (1866) p. 195 [= Abh. Bd. 1 N, 2}: Pogg.
Ann. 148 (1871) p 211 [= Abh. { N% 17]; Vorles. Princ. d.Mech. Bd. L. p. 131,
R. Crausivs Pogg. Ann. 142 (7870) p. 433.
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as the added heat. Then equation (n) becomes:

PAQ=2L(PT) . . . . . . . . (9
or

éﬁ:mog(ﬁ)*. N )

This equation is then compared with the entropy law.

B. Bovurzmany has further investigated, whether it is possible 10
alter the above considerations, referring to systems with periodic
motions, in such a way that they may be applied to systems with
(uasi-periodic motions e.g. to the motion of a point in a rosette
under the influence of a centre of force?).

Now the terms Xp,Agq;, in equation (n) give rise to dificuliies.
These terms do not vanish now, neither by an integration from one
perihelium to another, nor for one on a complete rotation (¢ = 0
to ¢ = 2x). Therefore BoLtzmany has still tried the following: On
both paths he chooses such stretches that these terms vanish and
speaks then of “orthogonal” variations of the end configurations .
and B. If however we pass from a motion 1 through different
intermediate motions to a finitely different motion (NV), going back
again to (/) through other intermediate motions, then the succeeding
“orthogonal” variations finally give other end configurations 4 and
B for the motion than those from which we started (BorLtzmaxs
has illustrated this with examples).

From this Borrzmann concluded that the second law would have
to be derived not by means of pure mechanics, but only by statistic
mechanics.  Proceeding as in § 7 it is however possible to indicate
adiabatic invariants also for such a case.

APPENDIX 1L

Motions i an sotropic elastic field of  force according to the
quantum hypothesis of SOMMERFELD. Comparison with PLANCK’s formulie.
Let us put:
!
(’,’ jm— j
. 7 . q, ; ((7.)
mriy = p, mr = P

Then according 10 SOMMERFELD :

Jqudp:n/z N ()] ﬂdq'dp'::n'/z R 1

Now we have liowever:

1) L. Bovrzmany. Bemerk. iiber einige Probleme der mechan. Wirmetheorie
Cap. THI. (Wien. Ak. 75 (1877) p. 62--100 = Abh. II. p. 122); Vorles iiber
Prine. d. Mech. Bd 1L p. 156,
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“separation of the variables” for the quantization of the motions of
more degrees of liberty. Therefore the question may be put: In
how far are the additional parts, with which P. EpstriN and also
P. DeBue [Gott. Nachr. 1916] form the action integral adiabatic inva-
riants P In SoMMERFELD’s case they ave still invariant, as shown in§ 7.




